We present a calculation of the coupling constants in the massive spin-1 field chiral Lagrangian to chiral O(p 3 ) in the context of the extended Nambu-Jona-Lasinio model described in Ref.
Introduction
At low-energies the strong, electromagnetic and weak interactions of the lightest pseudoscalar mesons can be described by an effective chiral Lagrangian [2, 3] . This Lagrangian depends on a number of coupling constants which are not fixed by symmetry requirements alone but are, in principle, determined by the dynamics of the underlying QCD theory. Recently, there have been attempts to derive the low-energy effective chiral action of QCD [1, 4] with and without the inclusion of the low-lying resonances. The lightest vector, axial-vector and scalar resonances play an important rôle in the determination of the low-energy interactions between pseudoscalar mesons in the context of chiral Lagrangians at O(p 4 ) as shown in Ref. [5] .
In this work we shall study the chiral Lagrangians for spin-1 particles to O(p 3 ) in the chiral expansion, in the context of the extended Nambu-Jona-Lasinio (ENJL) cut-off model described in Ref. [1] . In particular, we shall calculate the couplings of spin-1 particles to Goldstone bosons and external sources. As an application, we shall then predict the decay rates for the transitions V → πγ, V → πππ, V → ππγ, V → V ′ γ, V → V ′ π, A → πππ, A → πγ, A → V π and A → V γ. Here V and
A denote vector and axial-vector particles. We shall also discuss the vector meson dominance predictions for the π 0 → γγ * and K L → π 0 γ * γ * → π 0 e + e − transitions.
The paper is organized as follows. In Section 2 we give a brief summary of what is known about low-energy chiral Lagrangians from general symmetry requirements alone. In Section 3 we summarize some of the ENJL results found in Ref. [1] . In Section 4 we shall then study the anomalous sector of the theory and in Section 5 the non-anomalous sector. Finally, in Section 6 we discuss the phenomenological applications to the decays involving spin-1 particles. The conclusions are given in Section 7.
The low-energy chiral Lagrangians
We shall give a summary of what is known at present about low-energy mesonic Lagrangians, from the chiral invariance properties of L QCD alone. In the pseudoscalar sector, the terms in the effective Lagrangian L eff with the lowest chiral dimension, i.e. O(p 2 ), are L 2) and U ≡ exp − √ 2iΦ f 0 an SU(3) matrix incorporating the octet of pseudoscalar mesons In the absence of the U(1) A anomaly, the SU(3) singlet η 1 field becomes the ninth Goldstone boson which is incorporated in the Φ(x) field as
The terms in L eff of O(p 4 ) are also known. They have been discussed extensively by Gasser and Leutwyler [3] .
We are interested in an effective Lagrangian L R eff which also incorporates chiral couplings of fields of massive 1 − , 1 + and 0 + states to the Goldstone fields. We shall restrict ourselves to the sector of spin-1 particles. The general method to construct these couplings was described a long time ago in Ref. [7] . An explicit construction can be found in Refs. [5] and [8] . As discussed in Ref. [8] , the choice of fields to describe chiral invariant couplings involving spin-1 particles is not unique and, when the vector modes are integrated out, leads to ambiguities in the context of chiral perturbation theory to O(p 4 ) and higher. As shown in [8] , these ambiguities are, however, removed when consistency with the short-distance behaviour of QCD is incorporated. The effective Lagrangian which we shall choose here to describe spin-1 particle couplings corresponds to the so-called model II in Ref. [8] . In this model the linear couplings of vector and axial-vector fields to the pseudoscalar mesons and external fields start at chiral O(p 3 ). The most general Lagrangian L R eff for spin-1 particles to lowest non-trivial order in the chiral expansion and linear in the spin-1 fields for the interaction terms is then obtained by adding to L (2) eff in Eq. (2.1) the vector Lagrangian 9) and the axial-vector Lagrangian
The notation here is the following. We assume nonet symmetry for the spin-1 particles, so that the spin-1 fields we consider are
where V µ 8 and A 12) represents the SU(3) V octet of spin-parity 1 − -particles and the axial-vector field 13) represents the SU(3) V octet of spin-parity 1 + -particles. The vector field matrix 14) represents the SU(3) V singlet of spin-parity 1 − -particles and the axial-vector field matrix A 1 (x) represents the corresponding SU(3) V singlet of spin-parity 1 + -particles.
The vector and axial-vector field strength tensors are defined as follows
Here, the covariant derivative d µ acts on the octet multiplets denoted by R 8 as follows
and trivially on the singlets. The connection Γ µ is given by
The axial-vector field matrix ξ µ is defined by
Finally, in Eqs. (2.9) and (2.10), we have also introduced the following objects 19) and
with F µν L and F µν R the external field-strength tensors
associated with the external left (l µ ) and right (r µ ) field sources
In this paper, we are also interested in couplings of vector and axial-vector quadratic in the spin-1 fields. The complete set of these quadratic interaction terms for vector meson fields, to lowest chiral O(p 2 ), is
The corresponding interaction terms for axial-vector meson fields are
At O(p 2 ) there are also terms which mix axial-vector and vector fields. The corresponding interaction Lagrangian has the following form,
In the present work we shall concentrate on processes involving spin-1 particles and we shall not consider possible spin-1 particle decays to scalar particles. Whenever scalar particles can contribute as intermediate resonances to these transitions, in particular for a 1 -decays, we cannot integrate them out since their masses are lower than those of the axial-vector particles and they have to be taken into account as propagating particles described by the corresponding Lagrangian. The effective Lagrangian for scalar particles that may contribute to the transitions we are interested in is of chiral O(p 2 ). To this order, the most general Lagrangian for 0 + -particles involving at most one scalar and two spin-1 fields is 3 The ENJL cut-off model of QCD
Reference [1] gives a systematic study of the low-energy effective action of the extended Nambu-Jona-Lasinio model which, at intermediate energies below or of the order of a cut-off scale Λ χ , is expected to be a good effective realization of the standard QCD Lagrangian L QCD . Here we give a brief summary of the results found there. The Lagrangian in question is above are equivalent to the constituent chiral quark-mass term [4] :
In the presence of this term it is useful to introduce new quark fields Q L and Q R , which we call "rotated basis", or constituent, chiral-quarks [9] , defined as follows
In the rest of this Section we shall work in Euclidean space for convenience, and we shall adopt the conventions given in Ref. [1] . The effective action, in the presence of external sources l µ and r µ and light-quark-mass matrix M, can be written as [1] 
where W ± µ (x) and H(x) are 3 × 3 auxiliary Hermitian field matrices which under the chiral group transform as
where h(Φ, g L,R ) ≡ h is the compensating SU(3) V transformation which appears under the action of the chiral group
where ξ(Φ)ξ(Φ) = U in the chosen gauge. In the mean-field approximation these field matrices are replaced by
In Eq. (3.4) we have used the short-hand notation
µν the gluon field strength tensor and
where D E is the Euclidean Dirac operator
In Eq. (3.11) G µ is the gluon field matrix in the fundamental SU(N c ) representation and the connection Γ µ and axial-vector field ξ µ are given in Eqs. (2.17) and (2.18). In our calculation of the fermionic determinant we shall disregard the gluonic corrections due to fluctuations below the cut-off scale Λ χ and shall consider a model that is more like the first alternative envisaged in Ref. [1] , where the formal integration over gluon fields has been done in the path-integral of the generating functional for Green functions. Our choice here is motivated by the fact that the results obtained within this alternative in Ref. [1] for the couplings of the low-energy chiral Lagrangian to O(p 4 ) are not qualitatively different from those obtained in the same Reference when the effect of long-distance gluonic interactions was taken into account. In Ref. [1] it was pointed out that the effective action in Eq. (3.4) obeys the following formal symmetry: the effective action Γ E (A µ , M) with A µ and M given in Eq. (3.11) can be written formally as the mean-field approximation expression corresponding to external sources l µ and r µ and light-quark-mass matrix M redefined as follows,
Here,
is a 0 + -field matrix. We shall use this formal symmetry in the following Sections.
Once the quarks and gluons in the effective action in Eq. (3.4) are integrated out (see Ref. [1] ), one can get the correct kinetic term for spin-1 particles after two steps. The first one is the diagonalization of the quadratic form in ξ µ and W
The second one is a scale redefinition of the fields W
that introduces the physical vector and axial-vector fields V µ and A µ . All the couplings of the low-energy effective action can then be obtained as functions of three parameters only,
already calculated in Ref. [1] with the results to leading O(N c ),
(3.17)
and the function Γ(n, x) is the incomplete Gamma function
The correct kinetic term for 0 + -particles is obtained after a scale redefinition of the σ field in Eq. (3.13), i.e.
that introduces the physical 0 + -field S. The constant λ S was calculated in this model in Ref. [1] ,
In the present work we want to calculate the rest of the O(p . We shall later study some of the phenomenological applications of our results. We first consider the terms that carry a Levi-Civita pseudotensor, i.e. the abnormal intrinsic parity terms [10] .
The anomalous sector
Here we are concerned with the imaginary part of the effective action. The lowest order Lagrangian in the abnormal intrinsic parity sector describing the interaction of pseudoscalar mesons and external l µ and r µ sources is the one given by the WessZumino (WZ) effective action [11, 12] . The O(p 6 ) imaginary part of the effective action has been obtained in Ref. [10] in the mean-field approximation of the model we consider here. Using the formal symmetry in the ENJL cut-off model described above in Section 3, we can obtain to O(p 3 ) the abnormal intrinsic parity interaction terms for spin-1 particles from an effective action that formally has the same expression as that of the WZ action but with the external sources l µ and r µ replaced by the primed sources in Eq. (3.13).
The WZ effective action [11, 12] has the following explicit form in a scheme where vector currents are conserved:
where
The first term in Eq. (4.1) is an integration of an antisymmetric SU(3) L × SU(3) R invariant fifth-rank tensor that does not contain external sources over a five-dimensional sphere whose boundary is four-dimensional Minkowski space [12] . We can now show how the formal symmetry of the ENJL cut-off version of QCD explained in Section 3 works. As an example we are going to calculate the term that is modulated by the coupling constant h V in Eq. (2.9). We can write down the interaction Lagrangian linear in the W
To obtain the current J µ , first we calculate the left (L µ ) and right (R µ ) anomalous chiral currents from the WZ effective action above, i.e.
The anomalous currents L µ and R µ have the well known structure [13, 14] which consists of a chirally covariant part (L µ and R µ ) that is scheme independent and a non-chirally covariant polynomial in external sources that depends on the scheme. Of course, the physics is contained in the chirally covariant part and does not change with the scheme. It is then easy to see that the current J µ we want in Eq. (4.4) can be obtained as follows,
The result we get for the term we are interested in is
As was explained in Section 3, to obtain the interaction Lagrangian of the physical vector field V µ from L
we have to perform the shift in Eq. (3.15) and the scale redefinition in Eq. (3.16). These two operations introduce the couplings g A , f V and f A which collect the information of the underlying theory that has been integrated out. The Lagrangian that we obtain then for the term we are considering is
After performing the same kind of calculations as in the example above, for the other abnormal intrinsic parity terms in Eqs. (2.9), (2.10), (2.24), (2.25) and (2.26) we get the following results for these couplings:
We therefore find that these couplings, in the ENJL model we are considering, are completely fixed by the constants f V , f A and g A . This is due to the fact that the terms in the abnormal intrinsic parity sector for the interaction of spin-1 fields with pseudoscalar mesons and external sources to chiral O(p 3 ) and the WZ effective action come from the same formal expression. From the expressions in Eq. (4.9), we find relations between the various couplings that are independent of g A ,
These relations appear because of the formal symmetry between the expression for the mean-field approximation effective action and the effective action including spin-1 particle fields explained in Section 3. Because of that symmetry we have, for instance, that in the effective action f (+) µν and V µν always appear in the following combination 11) therefore the couplings σ V and h V are related as given in Eq. (4.10).
The abnormal intrinsic parity couplings involving spin-1 particles have been considered in the literature in the context of different models [15] - [18] . A common feature of these models which differentiates them from the ENJL cut-off model we are studying here is that the spin-1 particles are introduced there as the gauge bosons either of a hidden local symmetry [15, 16] or of the U(3) L × U(3) R chiral symmetry [17] . The derivation of the models in Refs. [15] - [17] from an ENJL model in the presence of the chiral anomaly is studied in Ref. [19] . In this Reference, special attention is given to the equivalence of these models for the physics in the anomalous and non-anomalous sectors of the theory. The most interesting of these models is the so-called Hidden Gauge Symmetry (HGS) model [15, 16] . In this model, vector mesons are the dynamical gauge bosons of a hidden local U(3) V symmetry of the chiral Lagrangian. Ref. [16] gives the general solution for the chiral anomaly in the presence of vector mesons when considered as gauge bosons. The solution is a linear combination of six invariants which, in general, introduce interaction terms between Goldstone bosons and external sources apart from those contained in the WZ action. It was also shown there that these new interaction terms do not change the low-energy theorems for π 0 → γγ and γ → πππ transitions. The ENJL model we consider here does not introduce any coupling between Goldstone bosons and external sources apart from those in the WZ action. Thus, in order to compare both models, we shall require that the linear combination of six invariants which is a solution of the anomaly in the HGS model does not introduce couplings between Goldstone bosons and external sources apart from those in the WZ action. In this limit we have that the following relation, already found in the ENJL model in Eq. (4.10),
is also present in the HGS model. In the same limit one also finds the following relation in the HGS model 13) which in the ENJL model is only true for a particular value of the g A coupling. This value is a solution of the following equation,
and is g A ≃ 0.63 . (The other two solutions are not real.)
The non-anomalous sector
We shall next study the real part of the effective action, i.e. the non-anomalous sector of the theory. This sector can be computed in the ENJL cut-off theory proposed in Ref. [1] , as was shown there, with the help of the heat kernel expansion [20] . We shall use the formal symmetry stated in Section 3 as we did in the anomalous sector in Section 4. Therefore to obtain the effective action in terms of the spin-1 fields W (±) µ we only need to calculate the effective action in the mean-field approximation limit and replace the external sources by the primed external sources in Eq. (3.13). (For a summary of the main technical details and notation see Ref. [1] .) As explained in Section 3, from this effective action we can get the effective action involving the physical spin-1 particle fields V µ and A µ by performing the diagonalization and scale redefinition in Eqs. (3.15) and (3.16) .
Within this approach we calculate the non-anomalous couplings of spin-1 particles to pseudoscalar mesons and external sources at leading O(N c ) for terms that are linear or quadratic in the spin-1 particle fields and to chiral O(p 3 ). The results for the couplings in the Lagrangian in Eq. (2.9) are
For the couplings in the Lagrangian in Eq. (2.10) we get
For the couplings in the Lagrangian in Eq. (2.24) we get 
For the couplings in the Lagrangian in Eq. (2.26) we get
Finally, for the couplings in the Lagrangian in Eq. (2.27) we get
From the expressions in Eqs. (5.1)-(5.6) we can obtain the following relations that are independent of g A ,
which are also due to the formal symmetry explained in Section 3, like the relations in Eq. (4.10).
Phenomenological applications
In this Section we shall discuss some phenomenological applications from our calculations. In the whole following analysis we shall work in the chiral limit, i.e. M → 0. Therefore, we shall disregard possible ω 8 − ρ 0 and η 8 − π 0 mixings, which are proportional to light-quark masses. In addition, the operators that generate these mixings are order O(p 4 ) in the chiral expansion [21] . Here we shall use the coupling constants we have calculated in the previous Sections in the ENJL cut-off model [1] to make predictions on a large variety of processes where spin-1 particle are involved (anomalous transitions, radiative decays, · · ·). The radiative decays of vector mesons in the context of Zweig's rule and explicit SU(3)-symmetry violation induced by a non-vanishing strange-quark mass was considered in Ref. [22] in the non-relativistic quark model. The different coupling constants appearing there were fixed from a fit to experimental data. Phenomenology involving spin-1 particles has been discussed before within different approaches. See for instance Refs. [22] - [27] .
Vector resonance decays
Here we shall discuss the predictions for vector particle decays. As was already mentioned in Section 3, in the ENJL model we are considering, all the couplings can be written in terms of three parameters, namely g A , M Q and Λ χ . The coupling g A was defined in Eq. (3.15) and in this model takes the following value [1] 
First we shall study the decays V → P γ (P → V γ), for which the Feynman diagrams are shown in Figure 1 . The amplitude for the V → P γ decay is given by the expression
Here, C V P γ is an SU(3)-light-flavour symmetry factor that relates the different amplitudes. The different values for this factor and the intermediate resonance V ′ appearing in Eq. (6.4) for each process are given in Table 1 . We denote the polarization pseudovector corresponding to the particle V by ε µ (V ) . The decay rate corresponding to the amplitude in Eq. (6.4) is 
The decay rates for the ω and ρ 0 vectors can have contributions from a possible ω 8 − ρ 0 mixing. In addition, the amplitude for ρ → πγ has a sizable contribution from the absortive part of pion and kaon chiral loops (see Figure 2) . (For the other processes this contribution is negligible.) We have taken into account this last contribution which has the following expression
The predictions listed in the column Prediction 1 in Table 2 correspond to the values of g A , M Q and x in Eq. (6.2). The worst results in this column, taking into account the experimental errors, are for the decays φ → ηγ and K * + → K + γ which are between 4 and 6 standard deviations (σ) from the experimental value. These disintegrations, however, can be explained with the inclusion of explicit chiral symmetry breaking terms proportional to the strange-quark mass as shown in the non-relativistic quark model in Ref. [22] . The predictions for the other processes are less than 2 σ from the central experimental values. The processes ρ 0 → π 0 γ and ω → π 0 γ are likely to be influenced by a possible ω 8 − ρ 0 mixing. All the predictions for the transitions in Table 2 are made in the chiral limit and depend on two couplings, h V and g V ; in fact the constant g V only affects to ρ → πγ decays and its contribution is not dominant. We refrain from doing a fit of the experimental results since all the amplitudes are related by SU(3)-symmetry factors (up to the small part proportional to g V in ρ → πγ decays) and higher order chiral corrections for these processes are very different for each of them. Table 2 : Partial widths in keV corresponding to V → P γ and P → V γ decays.
Process Prediction 1 Prediction 2 Experiment
( * ) These processes get contributions from explicit chiral symmetry breaking terms proportional to the strange-quark mass [22] .
Instead, the most reliable prediction is for the ρ + → π + γ decay because is not affected by neutral particle mixings and the explicit chiral symmetry breaking is small. All the other transitions are either affected by mixings or by sizable explicit chiral symmetry breaking effects. The agreement between the result for the ρ + → π + γ decay in the column Prediction 1 and experiment can be improved by using either a larger value for g A or a smaller value for f V (i.e. a larger value of x) or both. Given the poor knowledge of the parameter g A and the rather good value for f V we are using (f V = 0.17 compared to the experimental value f V | exp ≃ 0.20), we shall fix the value of f V to f V = 0.17 and fix from the decay ρ + → π + γ the value of g A . We find then g A = 0.76. So that, this value of g A leads to h V = 0.033. We shall use this value to see how the predictions in Table 2 vary with g A . The corresponding results with g A = 0.76 are in the column Prediction 2. We find that, in general, the results are improved, except for the decay φ → ηγ which is now 10 σ from the central experimental value. However, as was already stated, this decay rate is very sensitive to explicit chiral symmetry breaking. The prediction for the decay ω → π 0 γ improves but is still 3.5 σ from the experimental value which probably means that the ω 8 − ρ 0 mixing is likely to be important.
Next, we shall study the predictions for the V → πππ decays for which the results can be found in Table 3 . The Feynman diagrams for this process are shown in Figure  3 . The amplitude for ω → π + π − π 0 has the form,
with p ij = p i + p j . The amplitudes for ρ → πππ decays vanish at lowest order. The decay rate for
with E ± ≡ E π + ± E π − . The limits in Eq. (6.9) are given by
(6.11) Table 3 : Partial widths in keV corresponding to V → πππ,
This transition is dominated by bremsstrahlung off pions. In Ref. [28] an upper bound of 0.76 MeV is given for the structural bremsstrahlung.
The results in the column Prediction 1 in Table 3 are for the input values of g A , M Q and x in Eq. (6.2). Here, the experimental knowledge is very limited and there exist just upper bounds for several of the transitions. Only the decay rate for ω → π + π − π 0 is known. In our model, this amplitude depends on the coupling constants θ V and σ V . With the value of g A from ρ + → π + γ (g A = 0.76), our predictions are those in the column Prediction 2 in Table 3 .
We next proceed to the study of the V → P 1 P 2 γ decays. The predictions we get for them are also shown in Table 3 and the corresponding Feynman diagrams shown in Figure 4 . We shall study first the decays with charged pseudoscalar mesons in the final state. The amplitude we obtain for the ρ 0 → π + π − γ decay is
(6.12)
and for the ω → π + π − γ decay,
14)
The amplitudes corresponding to the decays V 0 → P 0 P 0 γ are
The SU(3)-symmetry factors C V P P γ and the intermediate resonances V ′ and V ′′ are listed in Table 4 .
The decay rate for all the V → P 1 P 2 γ decays can be written as follows 
The limits in Eq. (6.16) are given by
(6.18)
For the transitions with two identical particles in the final state there is an additional factor 1/2 in the decay rate in Eq. (6.16). The amplitudes for the ω → ρ 0 γ, φ → ωγ, φ → ρ 0 γ and φ → ωπ 0 decays are zero at lowest order.
Up to now we have considered the ω − φ mixing angle to be ideal. The φ → π 0 γ,
and φ → P 0 P 0 γ decays are proportional to the deviation of the actual ω − φ mixing angle from the ideal one. The effect of a small deviation on the other φ vector decays studied before is not sizable. We define the deviation of the ω − φ mixing angle from the ideal one as the difference 19) where ϕ is the physical ω − φ mixing angle and ϕ V is the ideal mixing angle. The amplitude for φ → ρ + π − we obtain is 20) giving the following decay rate
The amplitudes for the other transitions which are proportional to this deviation can be easily obtained by multiplying the corresponding transition amplitudes of the ω vector by a factor ǫ. The decay rates are the corresponding ones obtained by changing the ω vector parameters by the φ vector ones. We can predict this deviation if we assume that the measured partial widths in Ref. [6] for these transitions come only from a non-ideal mixing. First, we shall use the set of parameteres in Eq. (6.2) for the input values of g A , M Q and x. From φ → π 0 γ we then obtain the following result 22) and from
Using the average of these two results we predict the decay rates for the φ vector that are in the column Prediction 1 in Table 5 .
If instead, we use the value of g A = 0.76 found above from the decay ρ + → π + γ then, from φ → π 0 γ, we obtain 24) and from φ → ρ + π − Table 5 : Partial widths in keV corresponding to φ-decays assuming non-ideal ω − φ mixing.
These data have been used as input.
Using the average of these two new results we predict the decay rates for the φ vector that are in the column Prediction 2. The only decay rate that has been measured in Table 5 is 1 σ from our predictions.
The decay
Here we shall study the process π 0 (η) → γγ * (and the related one e + e − → ω, ρ 0 → π 0 γ) in the limit of complete vector dominance, i.e. assuming that the O(p 6 ) couplings are saturated by the contribution coming from integrating out the spin-1 particles as is the case for the O(p 4 ) chiral Lagrangian couplings [5] . The amplitudes for these processes acquire a dependence on the invariant mass of the off-shell photon from chiral O(p 6 ) terms. Thus, one can define a slope parameter as follows,
which is independent of the pseudoscalar meson P . The slope ρ has been measured in the π 0 → γe + e − transition [6] with the following result
It has been also measured in the η → γe + e − transition [6] and the result is
The weighted average from both results is
Theoretically, the slope ρ has two kinds of contributions. One from chiral loops (see Figure 5 ) and the other from the exchange of vector mesons (see Figure 6 ). The result we obtain in the ENJL model is the following to be compared with the experimental result in Eq. (6.29) . If instead, we take g A = 0.76, which is the other value we have been using in the previous Section, we find
Both predictions are less than 1 σ from the experimental result in Eq. (6.29). Next, we want to study the related process e + e − → ω , ρ 0 → π 0 γ. The Feynman diagrams for this transition can be obtained from diagrams in Figure 5 and Figure  6 by inserting an e + e − pair in the off-shell photon leg. The cross section for this process is given by
where we have used the full expression for the vector propagator as suggested in Ref. [24] . (In this Reference this cross section was given in the HGS model [15, 16] .) The function C l (µ, s) in Eq. (6.33) comes from chiral loops [24] and has the following expression
The result we get for this cross section at the ω-mass peak using the set of parameters in Eq. (6.2) is 35) to be compared with the experimental result [28] ,
If instead, we use the value for g A = 0.76 we find
The last result is better (3 σ from the experimental result).
a 1 -decays
In this Section we shall study the decays corresponding to the axial-vector particle a 1 . These decays have been studied in Ref. [27] at the quark-loop level within a different ENJL model. The results we find for these decays are presented in Table 6 and the Feynman diagrams in Figure 7 . This particle decays mainly into ρπ and the full width reported in Ref. [6] ranges between 350 and 450 MeV. The amplitudes that we obtain for the transitions a
with the following corresponding decay rates
We have also studied the direct decays into three pions of the a 1 axial-vector. The amplitude we get for the transition a
and for a
The experimental information we have is just on a 1 → (ππ) S π decays, i.e. where two of the pions are in an S-wave. For this process there is an educated guess in Ref. [6] (the error is of the same order) for the experimental upper bound which is around 3 MeV. If we assume that the reported partial width for the decay a 1 → (ππ) S π is only due to direct production and not to a possible intermediate scalar particle, i.e. a 1 → a 0 (f 0 )π → (ππ) S π that would have been eventually detected, then we obtain the following amplitudes. For the transition a 6.42) and for the a Table 6 : Partial widths in MeV corresponding to the a 1 -decays.
Process Prediction 1 Prediction 2 Experiment
This is an educated guess, the experimental error is of the same order [6] .
state consists mostly of a CP-odd state K 2 with a small mixing of the CP-even state K 1 ,
where |ǫ| ≃ 2.26 × 10 −3 is the standard CP-violation parameter in K → ππ decays.
This decay is interesting because "direct" CP-violation in the K 2 -decay amplitude and "indirect" (ǫ effect) CP-violation branching ratios are estimated to be of the same order [30] - [34] . (Of the order of 10 −11 [33, 34] .)
In addition to these CP-violating decay modes there is a two-photon exchange contribution to the transition K L → π 0 e + e − which is CP-conserving. In order to interpret future experimental measurements of this decay it is crucial to elucidate if this decay mode may compete or not with the CP-violating one-photon exchange contributions. The two-photon exchange decay mode was studied in Ref. [30] at O(p 4 ) in the context of chiral perturbation theory and was shown to be suppressed at this order [30, 31] . At O(p 6 ) there is a vector meson exchange diagram (shown in Figure 8 ) for the CP-conserving two-photon exchange contribution which a priori could be potentially large [35] and may compete with the one-photon CP-violating decay modes. We can make a prediction for the absortive O(p 6 ) vector meson dominance (VMD) contribution to the process K L → π 0 γ * γ * → π 0 e + e − in the model we are considering. To this VMD prediction one must add further direct weak O(p 6 ) contributions, as was pointed out in Ref. [36] . In this Reference, the With our determination of this coupling and using the set of input parameters in Eq. (6.2), we obtain h V = 0.030 which leads to |a V | = 0.21 .
(6.54)
If we use the higher value for g A = 0.76, which as we have seen is favoured by the overall data on spin-1 particle decays, then we obtain h V = 0.033 which leads to |a V | = 0.25 . These values for |a V | are in good agreement with the different phenomenological estimates [34, 36] made for the branching ratio in Eq. (6.52).
Recently, a measurement of the branching ratio for the CP-conserving decay K L → π 0 γγ has been reported by the NA31 experiment at CERN [37] . This measurement gives the following bounds at 90 % C.L., − 0.32 < a V < 0.19 . (6.56)
Conclusions
In this work we have studied in the context of the ENJL cut-off model considered in Ref. [1] the anomalous and non-anomalous sectors of the chiral Lagrangian for spin-1 particles to O(p 3 ), including terms with two spin-1 particles. In this model, spin-1 particles are introduced not as gauge fields, in contrast to models in Refs.
[15]- [18] , but as fields which transform homogeneously. This feature gives rise to a formal symmetry of the QCD effective action (see Section 3), first noticed in Ref. [1] , that we use extensively troughout the text. We have calculated 8 couplings in the anomalous sector and 28 in the non-anomalous sector, both for terms involving spin-1 particles. In particular, we have given the dependence of these anomalous and nonanomalous couplings on the axial-coupling g A . In this ENJL model, all the couplings we have calculated here and those in the strong chiral Lagrangian describing the interactions between Goldstone bosons [1] can be determined as functions of just three parameters, namely g A , defined in Eqs. have also been discussed. The results are, in general, in good agreement with the present experimental data taking into account that they have been obtained in the chiral limit. In addition, we make predictions for decay rates which can be measured in future low-energy experiments. We have also seen that the available overall data on spin-1 decays prefer a slightly higher value for the axial coupling g A than the one reported in Ref. [1] obtained from a fit to the low-energy data to chiral O(p 4 ).
In conclusion, we find that the ENJL model we have been considering reproduces quite well a large variety of low-energy processes where spin-1 particles are involved and the predictions we make depend on just a small number of parameters (three) which can be fixed from other low-energy transitions. Figure 1 : Diagrams contributing to the process V → P γ (P → V γ). 
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